Here we look at some related constructions of solenoids, and mappings associated to them.
The Heisenberg groups H n (R)
Let n be a positive integer, let R be the real line, and let H n (R) be defined initially as a set as R n × R n × R. More precisely, this is a smooth manifold in the usual way, and a nice topological space in particular. Elements of H n (R) may typically be denoted as (x, y, t), with x, y ∈ R n and t ∈ R, so that x, y have components x j , y j ∈ R for j = 1, . . . , n.
If (x, y, t), (x ′ , y ′ , t ′ ) ∈ H n (R), then put (x, y, t) ⋄ (x ′ , y ′ , t ′ ) = (x + x ′ , y + y ′ , t + t ′ + x · y ′ ), (1.1) where x · y ′ refers to the usual dot product on R n , so that
If (x ′′ , y ′′ , t ′′ ) ∈ H n (R) too, then
Similarly, (x, y, t) ⋄ ((x ′ , y ′ , t ′ ) ⋄ (x ′′ , y ′′ , t ′′ )) (1.4) = (x, y, t) ⋄ (x ′ + x ′′ , y ′ + y ′′ , t ′ + t ′′ + x ′ · y ′′ )
= (x + x ′ + x ′′ , y + y ′ + y ′′ , t + t ′ + t ′′ + x · y ′ + x · y ′′ + x ′ · y ′′ ).
Thus
((x, y, t) ⋄ (x ′ , y ′ , t ′ )) ⋄ (x ′′ , y ′′ , t ′′ ) = (x, y, t) ⋄ ((x ′ , y ′ , t ′ ) ⋄ (x ′′ , y ′′ , t ′′ ), (1.5) which shows that ⋄ is associative on H n (R). Of course, ⋄ is not commutative on H n (R), because of the x · y ′ term in (1.1). Note that (0, 0, 0) ⋄ (x, y, t) = (x, y, t) ⋄ (0, 0, 0) = (x, y, t) (1.6) for every (x, y, t) ∈ H n (R), so that (0, 0, 0) is the identity element of H n (R) with respect to ⋄. Put (x, y, t) −1 = (−x, −y, −t + x · y), (1. 7) for each (x, y, t) ∈ H n (R), and observe that (x, y, t) ⋄ (x, y, t) −1 = (x, y, t) ⋄ (−x, −y, −t + x · y) = (0, 0, 0), (1.8) and similarly that (x, y, t) −1 ⋄ (x, y, t) = (−x, −y, −t + x · y) ⋄ (x, y, t) = (0, 0, 0). (1.9) Hence H n (R) is a group with respect to ⋄, and (x, y, t) −1 is the inverse of (x, y, t) in this group. More precisely, H n (R) is a Lie group, since the group operations are given by smooth mappings.
Consider the mapping π : H n (R) → R n × R n defined by π((x, y, t)) = (x, y). (1.10) This is a homomorphism from H n (R) as a group with respect to ⋄ onto R n ×R n as a commutative group with respect to coordinatewise addition, because π((x, y, t) ⋄ (x ′ , y ′ , t ′ ) = (x + x ′ , y + y ′ ) (1.11) and π((x, y, t) −1 ) = (−x, −y) (1.12) for every (x, y, t), (x ′ , y ′ , t ′ ) ∈ H n (R). The kernel of this homomorphism is the subgroup of H n (R) consisting of elements of the form (0, 0, t), t ∈ R, which is in fact the center of H n (R). It is easy to see that the commutator of any two elements of H n (R) is in the center, which implies that H n (R) is a nilpotent group. Equivalently, the commutator of any two elements of H n (R) is in the kernel of π, since π is a homomorphism from H n (R) onto a commutative group.
Some subgroups of H n (R)
Let A be a subring of the ring R of real numbers. Thus A is a subgroup of R as a commutative group with respect to addition, and the product of any two elements of A is also an element of A. Note that 1 is not required to be an element of A. Under these conditions, it is easy to see that
is a subgroup of H n (R) with respect to ⋄. However, H n (A) is not a normal subgroup of H n (R), except in the trivial cases where A = R or A = {0}. Indeed, if (x, y, t), (x ′ , y ′ , t ′ ) ∈ H n (R), then
is any real number, and hence not an element of A unless A = R. If B is a subring of R which is an ideal in A, then H n (B) is a normal subgroup of H n (A). If A is a subgroup of R as a commutative group with respect to addition, then the quotient R/A can be defined as an abelian group in the usual way.
Similarly, A
n × A n may be considered as an abelian subgroup of R n × R n with respect to coordinatewise addition, and the quotient group
As in the previous section, there is a natural homomorphism from H n (R) onto R n ×R n , which can then be composed with the quotient mapping from R n ×R n onto (2.4) to get a homomorphism from H n (R) onto (2.4). The kernel of this homomorphism from H n (R) onto (2.4) is equal to
which is a normal subgroup of H n (R).
Let A be a subring of R again, and observe that H n (A) is a normal subgroup of (2.6) with respect to ⋄. The quotient of (2.6) by H n (A) is isomorphic to the abelian group R/A in the obvious way. If A = {0}, then (2.6) is the "normal closure" of H n (A) in H n (R), which is the smallest normal subgroup of H n (R) that contains H n (A). This follows from the fact that (2.3) can be any real number when (x, y, t) ∈ H n (A) and (x ′ , y ′ , t ′ ) ∈ H n (R), as before. Even if H n (A) is not a normal subgroup of H n (R), we can still consider the quotient space H n (R)/H n (A) as a set, with the canonical quotient mapping from H n (R) onto H n (R)/H n (A). There is also a natural mapping from H n (R)/H n (A) onto
because H n (A) is a subgroup of (2.6). The quotient mapping from H n (R) onto (2.7) is the same as the composition of the quotient mapping from H n (R) onto H n (R)/H n (A) with this new mapping from H n (R)/H n (A) onto (2.7).
Although H n (R)/H n (A) is not a group when A = R, {0}, there is still a natural action of H n (R) on H n (R)/H n (A), corresponding to multiplication by elements of H n (R) on the left. This is because one can multiply a left coset of H n (A) in H n (R) by an element of H n (R) on the left and get another left coset of H n (A) in H n (R). The quotient mapping from H n (R) onto H n (R)/H n (A) intertwines the obvious action of H n (R) on itself by left-multiplication with this action on H n (R)/H n (A). The analogous action of H n (R) on the quotient group (2.7) is the same as first mapping H n (R) onto (2.7) and then using the group operation on the quotient. The mapping from H n (R)/H n (A) onto (2.7) described in the preceding paragraph intertwines these actions of H n (R) on H n (R)/H n (A) and (2.7).
Some discrete subgroups
The ring Z of integers is a subring of R, and a subgroup of R as a commutative group with respect to addition in particular. Thus R/Z may be considered as a commutative group as well. One can also consider R/Z as a topological space, and indeed as a 1-dimensional smooth manifold, such that the quotient mapping from R onto R/Z is a local diffeomorphism. The group operations on R/Z are smooth, so that R/Z is actually a Lie group. It is well known that R/Z is isomorphic as a Lie group to the group T of complex numbers z with |z| = 1 with respect to multiplication.
Similarly, Z n is a subgroup of R n as a commutative group with respect to coordinatewise addition, and the quotient R n /Z n is a commutative group isomorphic to (R/Z) n ∼ = T n . One can also consider R n /Z n as an n-dimensional smooth manifold, for which the quotient mapping from R n onto R n /Z n is a local diffeomorphism, and which is diffeomorphic to the n-dimensional torus T n . The group operations on R n /Z n are smooth, so that R n /Z n is a Lie group, which is isomorphic to T n . As in the previous section, H n (Z) is a subgroup of H n (R), but not a normal subgroup. The quotient space H n (R)/H n (Z) can still be defined as a set, and it may also be considered as a compact smooth manifold of dimension 2n + 1, for which the corresponding quotient mapping from H n (R) onto H n (R)/H n (Z) is a local diffeomorphism. Remember that H n (R) is the same as R n × R n × R as a smooth manifold. Although H n (R)/H n (Z) is not a group, there is a natural action of H n (R) on H n (R)/H n (Z) by multiplication on the left, as before. It is easy to see that this action corresponds to a smooth mapping from the Cartesian product of H n (R) and H n (R)/H n (Z) into H n (R)/H n (Z), because of the smoothness of the group operation on H n (R).
The quotient group (2.7) with A = Z is the same as
which may be considered as a 2n-dimensional smooth manifold and a Lie group. The corresponding quotient mapping from H n (R) onto T n × T n is a smooth submersion. This basically means that the quotient mapping looks locally like the standard projection from R n × R n × R onto R n × R n , which is clear from the construction. The natural mapping from H n (R)/H n (Z) onto (2.7) with A = Z discussed in the previous section can be identified with a mapping from H n (R)/H n (Z) onto T n × T n , which is a smooth submersion as well, for the same reasons.
It is sometimes helpful to look at
as a discrete subgroup of the center of H n (R), and the corresponding quotient
As usual, (3.3) may be considered as a (2n + 1)-dimensional smooth manifold, such that the quotient mapping from H n (R) onto (3.3) is a local diffeomorphism. It is easy to see that (3.3) is diffeomorphic to R n × R n × T. The quotient (3.3) is also a group, because (3.2) is a normal subgroup of H n (R), and the quotient group is not commutative. There is a natural map from (3.3) onto H n (R)/H n (Z), since (3.2) is a subgroup of H n (Z), and this mapping is a local diffeomorphism.
Because (3.2) is a subgroup of the center {0} × {0} × R of H n (R), there is a natural homomorphism from (3.3) onto
This mapping is also a smooth submersion, which can be identified with the standard projection from R n × R n × T onto R n × R n as smooth manifolds. The kernel of this homomorphism is the subgroup
of (3.3), which is isomorphic to R/Z ∼ = T as a group. If we identify (3.3) with R n × R n × T as a manifold, then (3.5) corresponds to the submanifold {0} × {0} × T.
Of course, there is also a natural homomorphism from (3.4) onto (3.1), which is a local diffeomorphism as well. The composition of this homomorphism with the one from (3.3) onto (3.4) is the same as the natural homomorphism from (3.3) onto T n ×T n that results from the inclusion of (3.2) in the normal subgroup
of (3.3). If we identify (3.3) with R n × R n × T as a manifold, then (3.7) corresponds to the subset
of this manifold. Note that (3.7) is also isomorphic as a group which is a subgroup of (3.3) to (3.8) as a commutative group, where the group operations are defined coordinatewise. This is because the x · y ′ and x · y terms in (1.1) and (1.7) are integers when x, y, y ′ ∈ Z n , and hence reduce to 0 in R/Z ∼ = T. It is easy to check that (3.2) is the center of H n (Z), and that the quotient of H n (Z) by (3.2) is isomorphic to Z n × Z n as a commutative group with respect to coordinatewise addition. Because (3.2) is contained in H n (Z), there is a natural map from (3.3) onto H n (R)/H n (Z), which is a local diffeomorphism. Equivalently, one can identify H n (R)/H n (Z) with the quotient of (3.3) by the discrete subgroup
The composition of this mapping from (3.3) onto H n (R)/H n (Z) with the usual one from H n (R)/H n (Z) onto T n ×T n is the same as the natural homomorphism from (3.3) onto T n × T n mentioned in the preceding paragraph. At any rate, H n (R)/H n (Z) is a circle bundle over T n ×T n , with the mapping from H n (R)/H n (Z) onto (2.7) with A = Z as the projection onto the base. The fundamental group of H n (R)/H n (Z) is isomorphic to H n (Z), because H n (R) is the same as R n × R n × R as a manifold, which is simply-connected. By contrast, T n ×T n ×T is the trivial circle bundle over T n ×T n , using the obvious projection. This can also be represented as the quotient of R n × R n × R as a commutative group with respect to coordinatewise addition by the discrete subgroup Z n × Z n × Z, and the fundamental group is isomorphic to Z n × Z n × Z. Of course, H n (Z) is not commutative, and hence is not isomorphic as a group to Z n × Z n × Z.
Dilations
Let r be a real number, and let δ r :
where r x, r y ∈ R n are defined coordinatewise, as usual. Thus
and it is easy to check that
, so that δ r is a homomorphism from H n (R) into itself. Note that δ r is the identity mapping on H n (R) when r = 1, and that
for every r, r ′ ∈ R. If r = 0, then δ r is an automorphism of H n (R), whose inverse is equal to δ r −1 . Now let r ≥ 2 be an integer, so that δ r (H n (Z)) is a subgroup of H n (Z). More precisely, δ r (H n (Z)) is a subgroup of H n (r Z), and in fact
Observe that H n (k Z) is a normal subgroup of H n (Z) for each positive integer k, but that δ r (H n (Z)) is not a normal subgroup of H n (Z). This follows easily from (2.2), and we also get that δ r (H n (Z)) is a normal subgroup of H n (r Z).
is a normal subgroup of H n (Z), and δ r (H n (Z)) is a normal subgroup of (4.7).
It is easy to see that
is the center of H n (k Z) for each positive integer k, and that the commutator of any two elements of H n (k Z) is contained in
More precisely, (4.9) is the commutator subgroup of H n (k Z), which is the subgroup generated by commutators of elements of H n (k Z). Thus the quotient of the center of H n (k Z) by the commutator subgroup of
As in the preceding section, the quotient space H n (R)/H n (k Z) may be considered as a compact smooth manifold of dimension 2n + 1 for each positive integer k, in such a way that the corresponding quotient mapping from
In particular, the fundamental group of H n (R)/H n (k Z) is not isomorphic to the fundamental group of H n (R)/H n (Z) when k ≥ 2, by the remarks in the previous paragraph. In the same way, H n (R)/δ r (H n (Z)) may be considered as a compact smooth manifold of dimension 2n + 1, for which the corresponding quotient mapping from H n (R) onto H n (R)/δ r (H n (Z)) is a local diffeomorphism. It is easy to see that H n (R)/δ r (H n (Z)) is diffeomorphic to H n (R)/H n (Z), using the fact that δ r is a diffeomorphism from H n (R) onto itself when r = 0.
Invariant metrics
As before, H n (R) is the same as R n × R n × R as a smooth manifold, and hence the tangent space to H n (R) at (0, 0, 0) is isomorphic to R n × R n × R as a vector space over the real numbers. If one chooses an inner product on this vector space, then there is a unique smooth Riemannian metric on H n (R) which is invariant under right translations and which agrees with the given inner product at (0, 0, 0). Because of invariance under right translations, this leads to a Riemannian metric on H n (R)/H n (Z) such that the quotient mapping from H n (R) onto H n (R)/H n (Z) preserves the Riemannian metric at each point. Similar remarks apply to other quotients of H n (R) by discrete subgroups on the right, such as H n (R)/H n (k Z) for each positive integer k, and H n (R)/δ r (H n (Z)) for each r = 0.
Let us continue to identify the tangent space of H n (R) at (0, 0, 0) with R n × R n × {Z}, and consider the subspace
This leads to a unique smooth distribution of hyperplanes in the tangent spaces at arbitrary points in H n (R), which is invariant under right translations on H n (R), and which is equal to (5.1) at (0, 0, 0). These hyperplanes are called the horizontal subspaces of the corresponding tangent spaces of H n (R), and one can check that they are also invariant under the dilations δ r for each r ∈ R. More precisely, the differential of a dilation δ r at (0, 0, 0) maps the tangent space to H n (R) at (0, 0, 0) to itself, and it is easy to see that the differential of δ r at (0, 0, 0) also maps the horizontal subspace (5.1) at (0, 0, 0) into itself. In order to deal with other points in H n (R), one can use the fact that the dilations δ r define homomorphisms on H n (R).
A continuously-differentiable curve in H n (R) is said to be horizontal if the tangent vector of the curve at any point along the curve is contained in the horizontal subspace of the tangent space of H n (R) at that point. It is well known that any pair of points in H n (R) can be connected by a horizontal curve, so that the distribution of horizontal subspaces of the tangent spaces of H n (R) is completely non-integrable. If H n (R) is equipped with a Riemannian metric, then the length of a C 1 curve in H n (R) can be defined in the usual way. This leads to the associated Riemannian distance between two points, which is the infimum of the lengths of the curves connecting the two points. Similarly, the sub-Riemannian distance between two points in H n (R) associated to this distribution of horizontal subspaces of the tangent spaces is defined to be the infimum of the lengths of the horizontal curves connecting the two points. Thus the sub-Riemannian distance is automatically greater than or equal to the Riemannian distance corresponding to the same Riemannian metric on H n (R), because the sub-Riemannian distance is defined by the infimum over a smaller class of curves. However, it is also well-known that the sub-Riemannian distance is topologically equivalent to the Riemannian distance on H n (R).
Of course, this sub-Riemannian distance on H n (R) depends only on the restriction of the given Riemannian metric to the horizontal subspaces of the tangent spaces of H n (R). If the Riemannian metric on H n (R) is invariant under translations on the right, as before, then the associated Riemannian and sub-Riemannian distances on H n (R) will have the same property. In the subRiemannian case, this uses the fact that the class of horizontal curves in H n (R) is invairiant under translations on the right, because of the analogous property of horizontal subspaces of the tangent spaces of H n (R).
An advantage of sub-Riemannian structures on H n (R) is that they behave more simply with respect to the dilations δ r . Observe that a dilation δ r applied to a horizontal curve in H n (R) is also a horizontal curve, because the horizontal subspaces of the tangent spaces of H n (R) are invariant under δ r . If we use a Riemannian metric on H n (R) that is invariant under right translations, then the restriction of this Riemannian metric to the horizontal subspaces of the tangent spaces of H n (R) transforms by scalar multiplication under the dilations δ r . This implies that sub-Riemannian distances on H n (R) also transform by scalar multiplication under a dilation δ r under these conditions. More precisely, the sub-Riemannian distance between the images of two points in H n (R) under δ r is equal to the absolute value |r| of r ∈ R times the sub-Riemannian distance between the two points.
Let us continue to use a Riemannian metric on H n (R) that is invariant under right translations. It is well known that the corresponding sub-Riemannian distance between a point (x, y, t) ∈ H n (R) and (0, 0, 0) is comparable to
where |x|, |y| are the standard Euclidean norms of x, y ∈ R n . This means that the sub-Riemannian distance and (5.2) are each bounded by constant multiples of the other, where the constants do not depend on the point (x, y, t). One can estimate the sub-Riemannian distance between any two elements of H n (R) using invariance under right translations to reduce to the case where one of the points is (0, 0, 0).
Because the distribution of horizontal subspaces of the tangent spaces of H n (R) is invariant under right translations, there is an analogous distribution of horizontal subspaces of the tangent spaces of H n (R)/H n (Z). More precisely, the differential of the quotient mapping from H n (R) onto H n (R)/H n (Z) sends horizontal subspaces of tangent spaces of the domain to horizontal subspaces of the corresponding tangent spaces of the range. Similar remarks apply to other quotients of H n (R) by discrete subgroups on the right, and one can also consider the correspoinding sub-Riemannian structures on these quotients.
Invariant measures
As usual, we can identify H n (R) with R n ×R n ×R as a smooth manifold, so that H n (R) is equipped with (2n + 1)-dimensional Lebesgue measure in particular. It is well known and not difficult to check that Lebesgue measure on H n (R) is invariant under translations on the right and on the left with respect to ⋄, using the standard formula for computing volumes under a change of variables. The main point is that the matrices corresponding to the differentials of these translation mappings are upper-triangular with 1's along the diagonal, so that their determinants are equal to 1. Equivalently, the standard volume form on R n × R n × R of degree 2n + 1 is invariant under right and left translations with respect to ⋄.
Using invariance of the volume form on H n (R) under right translations, we get a volume form on H n (R)/H n (Z) too. This volume form on H n (R)/H n (Z) is characterized by the property that its pull-back under the quotient mapping from H n (R) onto H n (R)/H n (Z) is equal to the original volume form on H n (R). Using invariance of the volume form on H n (R) under left translations, we get that the volume form on H n (R)/H n (Z) is invariant under under the natural action of H n (R) on the quotient by multiplication on the left. Similar remarks apply to other quotients of H n (R) by discrete subgroups.
Suppose that H n (R) is equipped with a Riemannian metric invariant under right translations, and consider the corresponding sub-Riemannian distance on H n (R), as in the previous section. If B r is a ball in H n (R) with respect to the sub-Riemannian distance with radius r, then the Lebesgue measure of B r is equal to a positive constant times r 2n+2 . To see this, one can first use invariance of the sub-Riemannian distance and of the volume under translations on the right to reduce to the case where B r is centered at (0, 0, 0). One can then use the dilation δ r to reduce to the case where r = 1, since it is easy to compute the behavior of Lebesgue measure under this dilation.
Let k be a positive integer, and let H n (Z/k Z) be the group defined as follows. As a set, H n (Z/k Z) is the same as
The group structure on H n (Z/k Z) can be defined in the same way as for H n (R), using the standard ring structure on Z/k Z as a quotient of Z. The usual quotient mapping from Z onto Z/k Z leads to a homomorphism from H n (Z) onto H n (Z/k Z) with kernel equal to H n (k Z). In particular, the index of H n (k Z) as a subgroup of H n (Z) is equal to the number of elements of H n (Z/k Z), which is k 2n+1 . Similarly, if r ≥ 2 is an integer, then H n (r Z)/δ r (H n (Z)) is isomorphic as a group to r Z/r 2 Z ∼ = Z/r Z, which has r elements. It follows that the index of δ r (H n (Z)) as a subgroup of H n (Z) is equal to the product of the index of δ r (H n (Z)) in H n (r Z) with the index of H n (r Z) in H n (Z), which is r 2n+2 .
r-Adic integers
Let r ≥ 2 be an integer, and let |a| r be the r-adic absolute value of an integer a, defined as follows. If a = 0, then we put |a| r = 0. Otherwise, if a = 0, then we let l be the largest nonnegative integer such that a is an integer multiple of r l , and we put |a| r = r −l . (7.1) If r = p is prime, then this is the same as the usual p-adic absolute value of a. It is easy to check that |a + b| r ≤ max(|a| r , |b| r ) (7.2) and |a b| r ≤ |a| r |b| r (7.3) for every a, b ∈ Z, even when r is not prime. If r = p is prime, then equality holds in (7.3). In this case, the p-adic absolute value can be defined on the field Q of rational numbers, with the same properties.
The r-adic distance d r (a, b) is defined on Z by
for every a, b, c ∈ Z, because of (7.2). Thus d r (a, b) defines an ultrametric on Z, which means that d r (a, b) defines a metric on Z that satisfies the stronger ultrametric version (7.5) version of the triangle inequality. If r = p is prime, then one gets an ultrametric on Q in the same way.
The r-adic integers Z r may be defined as the completion of Z as a metric space with respect to the r-adic metric. Addition and multiplication on Z can be extended to Z r , so that Z r becomes a commutative ring. The r-adic absolute value and metric can also be extended from Z to Z r , with the same proprties as before. If r = p is prime, then the completion of Q with respect to the p-adic metric leads to the field Q p of p-adic numbers. In this case, one can show that the p-adic integers are the same as the p-adic numbers with p-adic absolute value less than or equal to 1.
The set Z r of r-adic integers is compact with respect to the r-adic metric. To see this, it suffices to show that Z r is totally bounded with respect to the r-adic metric, which means that Z r can be covered by finitely many balls with arbitarily small radius. This uses the well-known fact that a subset of a complete metric space is compact if it is closed and totally bounded. In this case, Z r can be expressed as the union of r l closed balls of radius r −l for each nonnegative integer l. More precisely, it suffices to use closed balls in Z r of radius r −1 centered at representatives of the cosets of r l Z in Z.
Cartesian products
Let r ≥ 2 be an integer again, and consider the Cartesian product
Thus X consists of the sequences x = {x l } ∞ l=1 , where x l is an element of the quotient Z/r l Z of integers modulo r l for each l ≥ 1. Of course, Z/r l Z is a commutative ring for each l ≥ 1, with respect to addition and multiplication of integers modulo r l . It follows that X is also a commutative ring with respect to coordinatewise addition and multiplication. We can consider X as a Hausdorff topological space as well, with respect to the product topology associated to the discrete topology on Z/r l Z for each l. Note that X is compact with respect to this topology, because Z/r l Z is a finite set for each l. It is easy to see that addition and multiplication on X define continuous mappings from X × X into X with respect to this topology, using the product topology on X × X corresponding to the topology just defined on X. Similarly, the additive inverse −x of x ∈ X corresponds to the sequence {−x l } ∞ l=1 in X, and x → −x is a continuous mapping from X into itself. This shows that X is a topological ring with respect to this topology.
If x, y are distinct elements of X, then let l(x, y) be the smallest positive integer l such that x l = y l , which is the same as the largest positive integer such that x l = y l for every l < l(x, y). Put ρ(x, y) = r −l(x,y)+1 (8.2) in this case, and ρ(x, y) = 0 when x = y, which amounts to taking l(x, y) = +∞ when x = y. It is easy to see that l(x, z) ≥ min(l(x, y), l(y, z)) (8.3) and hence that ρ(x, z) ≤ max(ρ(x, y), ρ(y, z)) (8. 4) for every x, y, z ∈ X. This implies that ρ(x, y) defines an ultrametric on X, which is to say that ρ(x, y) is a metric on X that satisfies the stronger ultrametric version (8.4) of the triangle inequality. Note that the topology on X determined by this ultrametric is the same as the one described in the previous paragraph.
A sequence x(1), x(2), x(3), . . . of elements of X converges to an element x of X if and only if for each positive integer l, x l (j) = x l for all sufficiently large j, depending on l. Similarly, x(1), x(2), x(3), . . . is a Cauchy sequence in X with respect to ρ(·, ·) if and only if for each positive integer l, x l (j) is eventually constant in j, depending on l. Using this, it is easy to see that every Cauchy sequence in X with respect to ρ(·, ·) converges to an element of X, so that X is complete as a metric space with respect to ρ(·, ·). Of course, compact metric spaces are always complete, but in this case we can check this more directly.
Coherent sequences
Let us continue with the same notation and hypotheses as in the preceding section. Because r l+1 Z ⊆ r l Z, there is a natural ring homomorphism from
of X is said to be a coherent sequence if x l is the image in Z/r l Z of x l+1 ∈ Z/r l+1 Z for each l. Let Y be the subset of X consisting of coherent sequences. It is easy to see that Y is a subring of X with respect to coordinatewise addition and multiplication, and that Y is a closed subset of X with respect to the product topology on X.
Let q l be the natural quotient mapping from Z onto Z/r l Z for each l, and let q be the mapping from Z into X defined by
for each a ∈ Z. Thus q is a ring homomorphism, since q l is a ring homomorphism for each l. Note that the kernel of q in Z is trivial, so that q is injective. It is easy to see that q(a) is a coherent sequence for each a ∈ Z, because q l is the same as the composition of q l+1 with the natural homomorphism from Z/r l+1 Z onto Z/r l Z for each l. One can also check that q(Z) is dense in Y , so that Y is the same as the closure of q(Z) in the product topology on X. More precisely, if x = {x l } ∞ l=1 is any coherent sequence and L is a positive integer, then one can choose a ∈ Z such that q L (a) = x L . This implies that
for every l ≤ L, because q(a) and x are coherent sequences, which says exactly that x can be approximated by elements q(a) of q(Z) with respect to the product topology on X, as desired.
If ρ(x, y) is the ultrametric on X defined in the previous section, then
for every a, b ∈ Z, where |a| r and d r (a, b) are the r-adic absolute value and r-adic metric, as in Section 7. This is trivial when a = b, and otherwise l(q(a), q(b)) is defined in Section 8 as the smallest positive integer l such that q l (a) = q l (b). This is the same as the smallest positive integer l such that q l (a − b) = 0, so that l 1 = l(q(a), q(b)) − 1 is the largest nonnegative integer such that a − b is an integer multiple of r l1 . Thus (9.3) follows from (7.1) and (8.2). This shows that q defines an isometric embedding of Z with the r-adic metric into X with the ultrametric ρ(x, y). Because X is complete as a metric space with respect to ρ(x, y), the completion Z r of Z with respect to the r-adic metric can be identified with the closure of q(Z) in X, which we have seen is the same as the set Y of coherent sequences in X. It is easy to see that this identification is also compatible with addition and multiplication of r-adic integers and coherent sequences. Equivalently, if {a j } ∞ j=1 is a Cauchy sequence of integers with respect to the r-adic metric, then for each positive integer l, there is an x l ∈ Z/r l Z such that q l (a j ) = x l for all sufficiently large j, depending on l. One can check that x = {x l } ∞ l=1 is a coherent sequence under these conditions, and that this corresponds to the identification between Z r and Y just mentioned.
A related construction
Here R/r l Z refers to the quotient of R as a commutative group with respect to addition by the subgroup r l Z. Thus X consists of the sequences x = {x l } ∞ l=0
with x l ∈ R/r l Z for each l, and X is also a commutative group with respect to coordinatewise addition. As before, R/r l Z is a topological space in a natural way, such that the usual quotient mapping q l from R onto R/r l Z is a local homeomorphism for each l. Using the corresponding product topology on X, we get a compact Hausdorff space which is homeomorphic to the product of circles. It is easy to see that X is a topological group, which is to say that the group operations are continuous with respect to this topology. The space X described in Section 8 may be considered as a subset of X, by extending each sequence x = {x l } ∞ l=1 ∈ X to a sequence starting at l = 0, where x 0 = 0 in R/Z. With this identification, X corresponds to a closed subgroup of X.
As in Section 9, there is a natural group homomorphism from R/r l+1 Z onto R/r l Z for each l ≥ 0, because r l Z ⊆ r l+1 Z. An element x = {x l } ∞ l=0 of X is said to be a coherent sequence if x l is the image in R/r l Z of x l+1 ∈ R/r l+1 Z for each l ≥ 0. Let Y be the set of coherent sequences in X, and observe that Y is a closed subgroup of X. Using the identification of X with a closed subgroup of X mentioned in the preceding paragraph, the set Y of coherent sequences in X corresponds exactly to the intersection of Y with X. Remember that Y can also be identified with the set Z r of r-adic integers, as in the previous section.
Let q be the mapping from R into X defined by
for each a ∈ R, where q l is the natural quotient mapping from R onto R/r l Z mentioned earlier. Note that q is a group homomorphism from R into X with trivial kernel, and that q is also a continuous mapping from R into X, because q l is continuous for each l. As in Section 9, q(a) is a coherent sequence in X for each a ∈ R, because q l is the same as the composition of q l+1 with the natural homomorphism from R/r l+1 Z onto R/r l Z for each l. One can also check that q(R) is dense in Y , so that Y is the closure of q(R) in X with respect to the product topology, for essentially the same reasons as before.
Let π 0 be the coordinate projection from X onto R/Z, so that
for each x = {x l } ∞ l=0 ∈ X. Thus π 0 is a continuous group homomorphism from X onto R/Z. The restriction of π 0 to Y is a continuous group homomorphism from Y onto R/Z with kernel equal to Y .
r-Adic Heisenberg groups
Let r ≥ 2 be an integer again, and let Z r be the ring of r-adic integers, as in Section 7. The corresponding Heisenberg group H n (Z r ) is defined first as a set as Z n r × Z n r × Z r . The group structure ⋄ can be defined on H n (Z r ) exactly as in (1.1), and is associative for the same reasons as before. Similarly, inverses in H n (Z r ) can be defined as in (1.7) . It is easy to see that the group operations on H n (Z r ) are continuous with respect to the topology on H n (Z r ) defined by the usual r-adic topology on Z r and the product topology, so that H n (Z r ) is a topological group. Note that H n (Z r ) is a compact Hausdorff space with respect to this topology. The Heisenberg group H n (Z) associated to the ordinary integers is a dense subgroup of H n (Z r ), because Z is dense in Z r .
Consider the Cartesian product
so that the elements of W are the sequences w = {w l } ∞ l=1 such that w l is in H n (Z)/H n (r l Z) for each l. Remember that H n (r l Z) is a normal subgroup of H n (Z) for each l, and that the quotient H n (Z)/H n (r l Z) is isomorphic to
Thus W is also a group, where the group operations are defined coordinatewise, and which is isomorphic to
If we equip W with the product topology associated to the discrete topology on H n (Z)/H n (r l Z) for each l, then W is a compact Hausdorff space, because H n (Z)/H n (r l Z) has only finitely many elements for each l. It is easy to see that the group operations on W are continuous with respect to this topology, so that W is a topological group.
As usual, H n (r l+1 Z) ⊆ H n (r l Z) for each l, which leads to a natural group homomorphism from
Let V be the set of coherent sequences in W , which is a closed subgroup of W . Also let φ l be the usual quotient mapping from H n (Z) onto H n (Z)/H n (r l Z), and let φ be the mapping from H n (Z) into W whose lth component is equal to φ l for each l. Thus φ is a group homomorphism from H n (Z) into W with trivial kernel. As before, φ actually maps H n (Z) into V , because φ l is the same as the composition of φ l+1 with the natural homomorphism from
One can check that φ(H n (Z)) is dense in V , so that V is the same as the closure of φ(H n (Z)) in W .
The main point now is that V is isomorphic to the Heisenberg group H n (Z r ) associated to the r-adic numbers. One way to see this is to show that φ can be extended to a continuous mapping from H n (Z r ) onto V , and that this extension is an isomorphism. Alternatively, one can use the identification of r-adic integers with coherent sequences in (8.1) discussed in Section 9. In this case, it is helpful to remember the identification of W with (11.2), and to identify V with the set of coherent sequences in (11.2) . This uses the natural homomorphism from H n (Z/r l+1 Z) onto H n (Z/r l Z) for each l, which comes from the natural homomorphism from Z/r l+1 Z onto Z/r l Z.
Heisenberg solenoids
As before, H n (R)/H n (r l Z) may be considered as a compact smooth manifold of dimension 2n + 1 for each l ≥ 0, so that W is a compact Hausdorff space with respect to the corresponding product topology. There is also a natural action of H n (R) on H n (R)/H n (r l Z) by multiplication on the left for each l, which leads to a continuous action of H n (R) on W . The space W discussed in the previous section may be identified with a subset of W , by extending each sequence w = {w l } ∞ l=1 ∈ W to l = 0, with w 0 equal to the element of H n (R)/H n (Z) corresponding to H n (Z)/H n (Z). Note that W corresponds to a closed set in W , and that the topology on W induced from the one on W is the same as the topology on W defined in the previous section.
As usual, because H n (r l+1 Z) ⊆ H n (r l Z), there is a natural mapping from H n (R)/H n (r l+1 Z) onto H n (R)/H n (r l Z) for each l ≥ 0, and this mapping is a local diffeomorphism. An element w = {w l } ∞ l=0 of W is said to be a coherent sequence if w l is the image in H n (R)/H n (r l Z) of w l+1 ∈ H n (R)/H n (r l+1 Z) for each l. Let V be the set of coherent sequences in W , which is a closed set in W with respect to the product topology that is invariant under the action of H n (R) on W by multiplication on the left mentioned earlier. Using the identification of W with a closed set in W described in the preceding paragraph, the set V of coherent sequences in W corresponds to the intersection of V and W . Remember that V can also be identified with H n (Z r ), as in the previous section.
Let φ l be the natural quotient mapping from H n (R) onto H n (R)/H n (r l Z) for each l ≥ 0, which is a local diffeomorphism. This leads to a continuous embedding φ of H n (R) into W , whose lth component is equal to φ l for each l. Note that this embedding intertwines the natural actions of H n (R) on itself and on W by multiplication on the left. As usual, φ actually maps H n (R) into V , because φ l is the same as the composition of φ l+1 with the natural mapping from H n (R)/H n (r l+1 Z) onto H n (R)/H n (r l Z) for each l. One can also check that φ(H n (R)) is dense in V with respect to the product topology on W , so that V is the closure of φ(H n (R)) in W .
Another version
Let us continue with the same notation and hypotheses as in the preceding section, and consider the Cartesian product U = ∞ l=0 (H n (R)/δ r l (H n (Z))). (13.1)
As usual, H n (R)/δ r l (H n (Z)) may be considered as a compact smooth manifold of dimension 2n + 1 for each l, so that U is a compact Hausdorff space with respect to the product topology. There is also a natural continuous action of H n (R) on U , using the natural actions of H n (R) on H n (R)/δ r l (H n (Z)) by multiplication on the left for each l.
As before, because δ r l+1 (H n (Z)) ⊆ δ r l (H n (Z)), there is a natural mapping from H n (R)/δ r l+1 (H n (Z)) onto H n (R)/δ r l (H n (Z)) for each l ≥ 0, which is a local diffeomorphism. An element u = {u l } ∞ l=0 of U is said to be a coherent sequence if u l is the image in H n (R)/δ r l (H n (Z)) of u l+1 ∈ H n (R)/δ r l+1 (H n (Z)) for each l. The set V ′ of coherent sequences in U is a closed set in U with respect to the product topology that is invariant under the action of H n (R) on U by multiplication on the left mentioned earlier. Let ψ l be the natural quotient mapping from H n (R) onto H n (R)/δ r l (H n (Z)) for each l ≥ 0, which is a local diffeomorphism that intertwines the actions of H n (R) on itself and on H n (R)/δ r l (H n (Z)) by multiplication on the left. This leads to a continuous embedding ψ of H n (R) into U , whose lth component is equal to ψ l for each l, and which intertwines the actions of H n (R) on itself and on U by multiplication on the left. This embedding actually maps H n (R) into the set V ′ of coherent sequences, because ψ l is the same as the composition of ψ l+1 with the natural mapping from H n (R)/δ r l+1 (H n (Z)) onto H n (R)/δ r l (H n (Z)) for each l. One can check that ψ(H n (R)) is dense in V ′ with respect to the product topology on U , so that V ′ is the same as the closure of ψ(H n (R)) in U . There is a natural identification between the set V ′ of coherent sequences in U and the set V of coherent sequences in W , because of the way that the subgroups H n (r l Z) and δ r l (H n (Z)) of H n (Z) are interlaced, as in (4.6). With respect to this identification, the embeddings φ and ψ of H n (R) into V and V ′ are the same, the actions of H n (R) on V and V ′ by multiplication on the left are the same, the topologies on V and V ′ are the same, and the projections of V and V ′ onto H n (R)/H n (Z) from the l = 0 coordinates are the same. Remember that H n (R)/δ r l (H n (Z)) is diffeomorphic to H n (R)/H n (Z) for each l, because δ r l is an automorphism of H n (R). This permits us to identify U with the Cartesian product of a sequence of copies of H n (R)/H n (Z). This identification affects the way that H n (R) acts by multiplication on the left, but this is easy to track. Using these diffeomorphisms, the natural mappings from H n (R)/δ r l+1 (H n (Z)) onto H n (R)/δ r l (H n (Z)) correspond to the same local diffeomorphism from H n (R)/H n (Z) onto itself. This local diffeomorphism is defined by applying δ r on H n (R) and then passing to the quotient by H n (Z) on the domain and range, which is possible because δ r is an automorphism of H n (R) that maps H n (Z) into itself.
